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Developingnoiseandvibrationpropagatiormodelsis animportanttaskin designingsolutionsto thenoise
andvibrationcontrol problems.Two modelingandanalysisapproachearecommonlyusedin linearsys-
tems,frequeng responséunction (FRF)andstatespacdormulation. Frequenyg responséunctionwhich
canbeviewedasa subsebf transferfunction hasbeenthe modelingtechniqueof choiceby engineersn
the areaof noiseandvibration. As corvenientasFRF modelingis, it is not the mostsuitablemethodfor
modelingmulti-variablesystemsanddesigningcontrollersfor them.

Statespacemodeling,which is just anothemway of presentingdifferentialequationsdescribinga dy-
namicsystem.lt usesa setof 1storderdifferentialequations.This modelingmethodmy appeamovel to
practitionersvhoareaccustometdb thinking in termsof frequeng responséunction(or transferfunction)
but it is nota new way of looking at dynamicsystems.Physicistsaandcontrolengineerdiave beenusing
this modelingtechniquefor years. Statespacemodelingenablesnoiseand vibration engineergo have
accesso andputto useawealthof knowledgeandanalysigechniquegrom thelinearsystemsliscipline,
includingdesigningestimatorsaandcontrollersfor multi-input—multi—outpusystems.

1 StateSpaceModels

Perhapghe bestway to describestatespacemodelingis by anexample. The following is a simplemass,
spring,dashposystemwith aforceinput f (t) andpositionx(t).
Thedifferentialequationdescribingthis systemis

MX(t) + cx+ kx = F(t) 1)
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Figurel: A simplemass—spring—dashpsystem



And thetransferfunctionis
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Sincewe have a secondordersystemwe will needtwo stateso describet. Althoughthe statesof a

systemare not unique,displacemenandvelocity of the massm arethe mostsuitablechoiceof statesn
this system We definethe statevariablesx; (t) andx,(t) as:

x1(t) = x(t) position (3)
Xt) = X(t) velocity 4)

Equation1 will be written in termsof the statevariables,their first derivatives,andthe input f(t); see
Equation5. No seconddervativeswill bepresent.

mXa(t) = —cxa(t) — kxa(t) + f(t) (5)

In additionto the stateequationj.e., Equation5, analgebraicequatiorwill be usedto describehe output
of interest,e.g.thedisplacemenof the mass.The outputis alinearcombinationof statesandinputs.

We now have the equationswve needto put the systeminto statespaceform. On theleft handside of
the stateequationsye placeonly thefirst derivativesof the statevariablesseeEquationss and7. And as
shown in Equation9, the outputvariable(s)s(are)placedin theleft handsideof the outputequation.

xi(t) = %f(t) (6)
Xt) = —%Xl(t) — %Xz(t)-i—%f(t) (7

(8)
yt) = x(t) (9)

Whenwritten in standardnatrix formatthe equationsareasfollows:

{2} _ [_o% _1%]{§;}+[;]f(t) (10)
y=[1ﬂ{2} 1)

Thegenericform for stateequationss givenby equationsl2 and13.

x(t) = AX(t)+Bu(t) (12)
y(t) = Cx(t)+Du(t) (13)

where
x(t) = (nx 1) statevectorwherenis thenumberof stater system

order

(r x 1) inputvectorwherer is thenumberof inputfunctions
(p x 1) outputvectorwherep is the numberof outputs
(nx n) squarematrix calledthe systenmatrix

(n x r) matrix calledthe input matrix
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p x n) matrix calledthe outputmatrix
r) matrix which representsry direct connectionbe-
tweentheinputandoutput
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Thetransferfunctionequialentof Equationsl2 and13 canbederivedby takingthe Laplacetransfor
mationof Equation12 andsubstitutingt in Equation13, resultingin

Y(s) = {C[sl — A "'B+D}U(s) (14)

Notethat{C[sl — A| !B+ D} is the transferfunction matrix mappingthe input vectorU (s) to the output
vectorY(s). Moreover, the polesof this transferfunctionarethe sameasthe eigervaluesof the A matrix
of the statespaceaepresentationf the samesystem.

Example 1.1: Modeling of a simple system
Form= 2 Kg, c= 1.5 Nsec/mandk = 100N/m, find the polesof the secondbrdersystemof Figurel.

Equatingthe denominatoof the transferfunction

X(s) 1
F(s) 2s2+1.5s+ 100

to zeroresultsin the characteristiequationthe solutionof which arethe polesof the system.
s=—0.375+ j7.061

Theeigervaluesof the A matrix

arealsothe polesof thesystem

polexa
Thesolutionof the stateEquationsl2, comprisingof the homogeneouandforcedparts,is

t
X(t) = ®(t)x(0) + / o (t — T)Bu(t)dr (15)
0
where®(t) is known asthe statetransitionmatrix andis definedas
o)== -Ah (16)

and£~1 indicatesheinverseLaplacetransformation.

1.1 Formal Definitions

State The stateof a dynamicsystemis the smallestsetof variables(calledstatevariables)suchthatthe
knowledgeof thesevariablesatt = tp, togetherwith the knowledgeof the input for t < tg, completely
determineghe behaior of the systemfor ary timet < tp. The stateof a dynamicsystemat timet is
uniquelydeterminedoy the stateat time tg andthe inputfor t < tg, andit is independenof the stateand
input beforetg. Frequentlyin lineartime—invariantsystemsye chooseheinitial timetg to be zero.

Theconceptof stateis by no meandimited to physicalsystemslt is applicableto biologicalsystems,
economicsystemssocialsystemsandothers.
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Figure2: Automobileactive suspensiosystem
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Statevariables: The statevariablesof a dynamicsystemarethe variablesmakingup the smallestset
of variableshatdeterminghe stateof the dynamicsystem.If atleastn variablesx, xo, ..., X, areneeded
to completelydescribethe behaior of a dynamicsystem(so that oncethe input is givenfor t < tg and
theinitial stateatt = tg is specified the future stateof the systemis completelydetermined)thensuchn
variablesarea setof statevariables.

Note that the statevariablesof a systemare not unique. Moreover, the statevariablesneednot be
physicallymeasurablé quantities.Variablesthat do not represenphysicalquantitiesandthosethat are
not measurableanbechoserasstatevariables.Suchfreedomin choosingstatevariabless anadwantage
of the statespacemethods.

State vector: If n statevariablesare neededo completelydescribethe behaior of a given system,
thenthesen statevariablescanbe consideredhe n component®f a vectorx. Sucha vectoris calleda
statevector A statevectoris thusa vectorthat determinesuniquely the systemstatex(t) for ary time
t > to, oncethestateatt = tg is givenandtheinputu(t) for t > tg is specified.

State space The n-dimensionakpacewhosecoordinatesaxesconsistof the x; axis, xp axis, ..., Xy
axisis calleda statespace Any stateof a canberepresentely a pointin the statespace.

Example 1.2: Active Suspension System
Quartercarmodelof anactive suspensiosystemdepictedn Figure2, is usedto illustratethe statespace
formulation.

The statesx; throughxy, shovn in Figure 2, arethe displacementsf the two masseselative to the
roadunesenneswv andtheir absolutevelocities. Thesearethe mostcommonsetof statesusedin actve
suspensioffiterature.x = [X, .. ., X4)/ is the statevectorof the system.

Working space(x1 — X2) is the measuredutput. The rate of changeof roadunevennessy, i.e., the
disturbanceandthe controlforceu aretheinputsto the system.

x = Ax+[{ B B }]{{YJV}}

= Ax+Byu+Biw

Modal displacemenandvelocity aregoodexamplesof unmeasureablstatevariables.



y = Cx+Du

Thequartercar suspensiomasthefollowing statespacerealization:

0 0 1 0

A 0 0 0 1
—K/M K/M —c/M  ¢/M

K/m —(K+k)/m ¢/m —c/m

as«a

1.2 Why UseState Space

Thereare mary adwantagego modelingsystemsn statespace. The mostimportantadwantageis the
matrix formulation. Computersaneasilymanipulatematrices.Having the A, B, C, andD matricesone
can calculatestability, controllability, obsenability and mary other useful attributesof a system. The
secondnostimportantaspecbf statespacemodelingis thatit allows usto modeltheinternaldynamicsof
thesystemaswell asthe overallinput/outputrelationshipasin transferfunctions. And, asstatedearliet
statespacemodelingmakesthe vast, existing, linear systemknowledgesuchas estimationand optimal
controltheoryavailableto theuser



