
State–SpaceFormulationof LinearSystems

R. Kashani,Ph.D.
www.deicon.com

Developingnoiseandvibrationpropagationmodelsis animportanttaskin designingsolutionsto thenoise
andvibrationcontrolproblems.Two modelingandanalysisapproachesarecommonlyusedin linearsys-
tems,frequency responsefunction(FRF)andstatespaceformulation.Frequency responsefunctionwhich
canbeviewedasa subsetof transferfunctionhasbeenthemodelingtechniqueof choiceby engineersin
theareaof noiseandvibration. As convenientasFRFmodelingis, it is not themostsuitablemethodfor
modelingmulti-variablesystemsanddesigningcontrollersfor them.

Statespacemodeling,which is just anotherway of presentingdifferentialequationsdescribinga dy-
namicsystem.It usesa setof 1storderdifferentialequations.This modelingmethodmy appearnovel to
practitionerswhoareaccustomedto thinkingin termsof frequency responsefunction(or transferfunction)
but it is not a new way of looking at dynamicsystems.Physicistsandcontrolengineershave beenusing
this modelingtechniquefor years. Statespacemodelingenablesnoiseandvibration engineersto have
accessto andput to useawealthof knowledgeandanalysistechniquesfrom thelinearsystemsdiscipline,
includingdesigningestimatorsandcontrollersfor multi–input–multi–outputsystems.

1 StateSpaceModels

Perhapsthebestway to describestatespacemodelingis by anexample.Thefollowing is a simplemass,
spring,dashpotsystemwith a forceinput f

�
t � andpositionx

�
t � .

Thedifferentialequationdescribingthis systemis

mẍ
�
t ��� cẋ � kx � f

�
t � (1)

k

m

f
�
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Figure1: A simplemass–spring–dashpotsystem
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And thetransferfunctionis

G � s 	�
 X � s 	
F � s 	 
 1

ms2 � cs � k
(2)

Sincewe have a secondordersystem,we will needtwo statesto describeit. Althoughthestatesof a
systemarenot unique,displacementandvelocity of themassm arethemostsuitablechoiceof statesin
this system.We definethestatevariablesx1 � t 	 andx2 � t 	 as:

x1 � t 	

 x � t 	 position (3)

x2 � t 	

 ẋ � t 	 velocity (4)

Equation1 will be written in termsof the statevariables,their first derivatives,andthe input f � t 	 ; see
Equation5. No secondderivativeswill bepresent.

mẋ2 � t 	�
�� cx2 � t 	�� kx1 � t 	 � f � t 	 (5)

In additionto thestateequation,i.e.,Equation5, analgebraicequationwill beusedto describetheoutput
of interest,e.g.thedisplacementof themass.Theoutputis a linearcombinationof statesandinputs.

We now have theequationswe needto put thesysteminto statespaceform. On the left handsideof
thestateequations,weplaceonly thefirst derivativesof thestatevariables;seeEquations6 and7. And as
shown in Equation9, theoutputvariable(s)is(are)placedin theleft handsideof theoutputequation.

ẋ1 � t 	�
 x2 � t 	 (6)

ẋ2 � t 	�
�� k
m

x1 � t 	�� c
m

x2 � t 	 � 1
m

f � t 	 (7)

(8)

y � t 	�
 x1 � t 	 (9)

Whenwritten in standardmatrix formattheequationsareasfollows:�
ẋ1

ẋ2 � 
�� 0 1� k
m � c

m � � x1

x2 � � � 0
1
M � f � t 	 (10)

y 
�� 1 0 � � x1

x2 � (11)

Thegenericform for stateequationsis givenby equations12and13.

ẋ � t 	�
 Ax � t 	 � Bu � t 	 (12)

y � t 	�
 Cx � t 	 � Du � t 	 (13)

where
x � t 	 = � n � 1	 statevectorwheren is thenumberof statesorsystem

order
u � t 	 = � r � 1	 inputvectorwherer is thenumberof inputfunctions
y � t 	 = � p � 1	 outputvectorwherep is thenumberof outputs
A = � n � n 	 squarematrix calledthesystemmatrix
B = � n � r 	 matrix calledtheinput matrix
C = � p � n 	 matrix calledtheoutputmatrix
D = � p � r 	 matrix which representsany direct connectionbe-

tweentheinput andoutput
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Thetransferfunctionequivalentof Equations12and13canbederivedby takingtheLaplacetransfor-
mationof Equation12 andsubstitutingit in Equation13,resultingin

Y � s ��� � C ! sI " A# $ 1B % D & U � s � (14)

Notethat � C ! sI " A # $ 1B % D & is thetransferfunctionmatrix mappingtheinput vectorU � s � to theoutput
vectorY � s � . Moreover, thepolesof this transferfunctionarethesameastheeigenvaluesof theA matrix
of thestatespacerepresentationof thesamesystem.

Example1.1: Modeling of a simple system
For m � 2 Kg, c � 1 ' 5 Nsec/m,andk � 100N/m, find thepolesof thesecondordersystemof Figure1.

Equatingthedenominatorof thetransferfunction

X � s �
F � s � � 1

2s2 % 1' 5s % 100

to zeroresultsin thecharacteristicequation,thesolutionof which arethepolesof thesystem.

s � " 0' 375 ( j7' 061

Theeigenvaluesof theA matrix

A ��) 0 1" k
m " c

m * ��) 0 1" 100
2 " 1+ 5

2 *
arealsothepolesof thesystem

eig � A ��� " 0' 375 ( j7' 061

poleexa
Thesolutionof thestateEquations12,comprisingof thehomogeneousandforcedparts,is

x � t ��� Φ � t � x � 0��%-, t

0
Φ � t " τ � Bu � τ � dτ (15)

whereΦ � t � is known asthestatetransitionmatrixandis definedas

Φ � t ��� eAt �/. $ 1 � ! sI " A � $ 1 � (16)

and . $ 1 indicatestheinverseLaplacetransformation.

1.1 Formal Definitions

State: Thestateof a dynamicsystemis thesmallestsetof variables(calledstatevariables)suchthat the
knowledgeof thesevariablesat t � t0, togetherwith the knowledgeof the input for t 0 t0, completely
determinesthe behavior of the systemfor any time t 0 t0. The stateof a dynamicsystemat time t is
uniquelydeterminedby thestateat time t0 andthe input for t 0 t0, andit is independentof thestateand
input beforet0. Frequently, in lineartime–invariantsystems,wechoosetheinitial time t0 to bezero.

Theconceptof stateis by nomeanslimited to physicalsystems.It is applicableto biologicalsystems,
economicsystems,socialsystems,andothers.
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Figure2: Automobileactivesuspensionsystem

Statevariables: Thestatevariablesof a dynamicsystemarethevariablesmakingup thesmallestset
of variablesthatdeterminethestateof thedynamicsystem.If at leastn variablesx1, x2, > > > , xn areneeded
to completelydescribethe behavior of a dynamicsystem(so that oncethe input is given for t ? t0 and
theinitial stateat t @ t0 is specified,thefuturestateof thesystemis completelydetermined),thensuchn
variablesareasetof statevariables.

Note that the statevariablesof a systemarenot unique. Moreover, the statevariablesneednot be
physicallymeasurable1 quantities.Variablesthatdo not representphysicalquantitiesandthosethatare
notmeasurablecanbechosenasstatevariables.Suchfreedomin choosingstatevariablesis anadvantage
of thestatespacemethods.

State vector: If n statevariablesareneededto completelydescribethe behavior of a givensystem,
thenthesen statevariablescanbe consideredthe n componentsof a vectorx. Sucha vectoris calleda
statevector. A statevector is thusa vectorthat determinesuniquely the systemstatex A t B for any time
t C t0, oncethestateat t @ t0 is givenandtheinputu A t B for t C t0 is specified.

State space: The n-dimensionalspacewhosecoordinatesaxesconsistof the x1 axis,x2 axis, > > > , xn

axisis calledastatespace.Any stateof acanberepresentedby apoint in thestatespace.

Example1.2: Active Suspension System
Quartercarmodelof anactivesuspensionsystem,depictedin Figure2, is usedto illustratethestatespace
formulation.

The statesx1 throughx4, shown in Figure2, arethe displacementsof the two massesrelative to the
roadunevennessw andtheir absolutevelocities.Thesearethemostcommonsetof statesusedin active
suspensionliterature.x @ED x1 F > > > F x4G H is thestatevectorof thesystem.

Working spaceA x1 I x2 B is the measuredoutput. The rateof changeof roadunevennessẇ, i.e., the
disturbance,andthecontrolforceu aretheinputsto thesystem.

ẋ @ Ax JEK L B1 B2 MONQPRP ẇ
u STS@ Ax J B2u J B1ẇ

1Modal displacementandvelocityaregoodexamplesof unmeasureablestatevariables.
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Thequartercarsuspensionhasthefollowing statespacerealization:

A UXWYYZ 0 0 1 0
0 0 0 1[ K \ M K \ M [ c \ M c \ M

K \ m [^] K V k _ \ m c \ m [ c \ m
` aab

B U�c B1 B2 d
B2 U�c 0 0 [ 1

M
1
m d e

B1 U�c [ 1 [ 1 0 0 d e
C U c 1 [ 1 0 0 d
D U c 0 d

asexa

1.2 Why UseStateSpace

Thereare many advantagesto modelingsystemsin statespace. The most importantadvantageis the
matrix formulation.Computerscaneasilymanipulatematrices.Having theA, B, C, andD matrices,one
cancalculatestability, controllability, observability andmany other useful attributesof a system. The
secondmostimportantaspectof statespacemodelingis thatit allowsusto modeltheinternaldynamicsof
thesystem,aswell astheoverall input/outputrelationshipasin transferfunctions.And, asstatedearlier,
statespacemodelingmakesthe vast,existing, linear systemknowledgesuchasestimationandoptimal
controltheoryavailableto theuser.
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