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1 Tuned Mass Dampers

Theuseof tunedmassdampers(TMD) is anotherwidely usedpassivevibrationdampingtreatment.These
devicesareviscouslydamped2ndordersystemsappendedto avibratingstructure.Properselectionof the
parametersof theseappendages,tunesthe TMD to oneof the naturalfrequenciesof the underdamped
flexible structure,resultingin theadditionof dampingto thatresonance.

Unlikedashpotwhichis mosteffectivein addingdampingto thefirst mode,TMD cantargetany mode,
includingthefirst, andaddconsiderableamountof dampingto it. AnotherdistinctionbetweenTMD and
dashpotis thatTMD is a singlepoint device andcansimply beattachedto a structureat oneendwith its
otherendbeingfree.

To investigatethe interactionof tunedmassdamperswith a structure,we analyzethe vibration of a
cantilever beamequippedwith oneTMD, seeFigure1. Thebeamis modeledusingonly 4 modes.The
tunedmassdamperis appendedto thetip of thebeamandaffectsthebeam’svibrationby inputtingaforce
(controlforce)to it. Thedisturbanceforceis assumedto excite thebeamat thetip.� ��� ��� � �	�
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Figure1: A cantileverbeamwith a tunedmassdamperat thetip

The massof the TMD andits stiffnessarechosento make thenaturalfrequency of the TMD match
to theresonantfrequency of thebeamto bedamped.Thedampingeffectivenessof a TMD is dependent
on its dampingratio and the frequency it is tunedat. The lack of large enoughdampingratio in the
TMD resultsin breakingthe resonantmode,to which is device is tunedfor, to two underdampedmode
— a phenomenonknown as‘modesplitting”. A dampingratio between20 to 45in aneffective damping
treatmentusingaTMD. Oncetheproperdampingratioandthetuningfrequency aredecidedon,andalso
knowing the massof the TMD, its springstiffnessanddashpotdampingcoefficient areevaluated.The
FRFsof a cantilever beamwithout andwith the tunedmassdamperis shown in Figure1(a). The first
naturalfrequency of thebeamis around6 Hz. Thedampingratio of theTMD is chosento be40%. The
blockdiagramof thestructure(beam)equippedwith aTMD is shown in Figure1(b).

As indicatedin this block diagram,the effect of the TMD on the structureit is appendedto would
be analogousto that of a feedbackcontroller if the structurewasactively controlledwith a collocated
sensor/actuatorarrangement.

1



(a) (b)

10
1

10
2

10
3

10
4

−100

−80

−60

−40

−20

0

20

40

Frequency, (rad/sec)

M
ag

ni
tu

de
, d

B

Figure2: (a) FRFsof cantilever beam(solid line) andthebeamequippedwith a TMD (dashedline) and
(b) blockdiagramof thebeamwith aTMD appendage

The Mechanics of TMD

Thefrequency responsefunction(FRF)of TMD transferfunctionis shown in Figure3. Theparametersof
theTMD is selectedsuchthat,its dampednaturalfrequency is matchingthefirst naturalfrequency of the
beam(40rad/sec)andits dampingcoefficient is relatively large.Thecapabilityof tunedmassdampersto
dampout aparticularmodeof vibrationis dueto the90 degreephaseleadthattheTMD addsto theopen
loop systemat thenaturalfrequency of thatmode(40 rad/sec),alongwith a gradualchangein its phase
anglearoundthatfrequency.
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Figure3: FRFof a tunedmassdamper

As seenin Figure3 and indicatedin the block diagramof Figure1(b), the transferfunction of the
TMD is not proper. Having theaccelerationastheinput to theTMD transferfunctionof Figure1(b) will
take thes2 termout of thenumeratorof thetransferfunctioncircumventingtheimpropernessproblemof
that transferfunction. This makesthe realizationof this transferfunction,electronicallyor in software,
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possibleleadingto anattractive compensationschemefor active vibrationcontrol. This attributewill be
discussed,in detail,in subsequentchapterson activevibrationcontrol.

Example 1.1: Appending a TMD on the Unsprung Mass
To beableto useamoderatedampingcoefficient for thesuspensiondashpotandyetavoid its undesirable
consequenceof having anunderdampedwheelmodewhich resultsin wheelhopping,theuseof a TMD
hasbeensuggested.AppendaTMD to thehubof thesuspensionsystem1

shown in Figure4, so that dampingis addedto the wheelmodeonly. Choosingthe massof the

Figure4: Quartercarsuspensionmodel

vibrationabsorberto bema=5kg, tunetheabsorberto thenaturalfrequency of thewheelmodeandstudy
its effects.

The additionof the appendageincreasesthe numberof degreesof freedomto 3 (resultingin a 6th
orddersystem).Theequationof motionfor this 6thorder, 3 DOFsystemis

M2ẍ � C2ẋ � K2x � Bc2xin

whereM2 � ��
m0 0 0
0 mt 0
0 0 ma

��
is themassmatrix,C2 � ��

c0 � c0 0� c0 c0 � ct � ca � ca

0 � ca ca

��
is thedampingco-

efficient matrix, K2 � ��
k0 � k0 0� k0 k0 � kt � ka � ka

0 � ka ka

��
is the stiffnessmatrix, Bc2 ��� 0 ct 0

0 kt 0  T

is the

excitationmatrix,x �"! x0 xt xa # T is thevectorof threedisplacements,andxin �$! ẋc xc # T
is the

1m0 is thesprungmass,mt is themassof thewheel(tire andits accessoriesknown asunsprungmass),kt andct denotethe
stiffnessanddampingof thetire, andk0 andc0 denotethestiffnessanddampingof thesuspension(strut),respectively. x0 and
xt arethedisplacementof thesprungandunsprungmasses,andxc denotestheroadexcitation. Usingthevaluesmt % 40 Kg,
ct % 200Nsec/mandkt % 5e5 N/m.
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excitationvector. Displacementof sprungandunsprungmassesin responseto theroadexcitationcanbe
derivedin Laplacedomainas:

X &$' M2s2 ( C2s ( K2 ) * 1Bc2 + s
1 , Xc (1)

2 Vibration Absorbers

As statedearlier, lightly dampedinertial appendages,known as‘vibration absorbers’,areeffective vibra-
tion absorptiondevices. They aremainly usedto cancelthe structuralvibration causedby a singlefre-
quency disturbance.To studythevibrationcancelationaspectof thispassivevibrationattenuationdevice,
we appenda vibrationabsorberto a 1 DOF (spring-mass-dashpot)systemresemblinga flexible structure
subjectto the disturbanceforce F. Combinationof the structureandthe vibration absorberresultsin a
2 DOF systemshown in Figure5. Note that similar to a TMD, a vibration absorberaddsan additional
degreeof freedomto the structureit is appendedto. The equationof motion of the systemshown in

x1

F
-

c1

k1

m1. c2

k2

m2.
x2

Figure5: A vibrationabsorberappendedto asecondordersystem

Figure5 is convenientlyexpressedin matrix form as/
m1 0
0 m2 0 + ẍ1

ẍ2 , ( / c1
( c2 1 c21 c2 c2 0 + ẋ1

ẋ2 , ( /
k1
( k2 1 k21 k2 k2 0 + x1

x2 ,& + F
0 , (2)

In theabsenceof dampingelementin theappendageof Figure5, i.e., c2 & 0, threeof theentriesof the
dampingmatrixof Equation2 becomezerosresultingin apairof imaginaryzeros2 in thetransferfunction
mappingthe disturbanceforce F to the structuraldisplacementx1. The locationof this zero is on the
imaginaryaxisof thes planeat 2 k2 3 m2 which is thenaturalfrequency of theappendage.Whenk2 and
m2 areselected(appendageis tuned)to matchthis naturalfrequency to the disturbancefrequency, the
structuralvibrationwill beattenuatedat thatfrequency. This is theinner-workingof a vibration absorber
which is in fact a TMD with negligible damping.Vibration absorbersareusedprimarily for alleviating
theforcedvibrationresponseof (notaddingdampingto) thestructure.

2root of thetransferfunctionnumerator
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Example4 2.1: Vibration Absorption in a 1 DOF Aystem
ThesinusoidaldisturbanceforceF excitesthemassin asingleDOFsystem.Appendavibrationabsorber
to the1 DOFstructureandtuneit to cancelthevibrationof themass;seeFigure5.

TheFRFmappingthedisturbanceF to thedisplacementx1 of thesystemwithout andwith vibration
absorberaredepictedin Figure6. Clear from this figure, the additionof the vibration absorberto the
original 1 DOF system(m1, c1, k1) changesthesystemto a 2 DOF system.Moreover, having very small
amountof dampingin thevibrationabsorberresultsin a deepandsharpzero(anti–resonancefrequency)
betweenthetwo poles(resonancefrequencies)of thenew 2DOFsystem. Tuningof thisclassof vibration
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Figure6: FRFmappingthe force input to themassm1 to thedisplacementof thatmass;1 DOF system
(solid line) and2 DOFsystem(dashedline)

absorbersamountsto matchingthe frequency of the zeroshown in Figure6, which is that sameasthe
naturalfrequency of thevibrationabsorver , i.e. 5 6 k2 7 m2 8 , to thefrequency of thedisturbanceinput.

Notethat theuseof vibrationabsorbersis effective in reducingforcedvibrationcausedby sinusoidal
or at leastperiodicexcitations.
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