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ModalAnalysisis acomputationallyeleganttechniquefor modelingstructuraldynamics.It is basedon
theuseof eigenvalueandEigenvectorinformationof asystem.Theeleganceandappealof this technique
is mainly dueto its decouplingcapability. Moreover, it is thebasisfor understandingmodaltestmethods
(known alsoasexperimentalmodalanalysis).

Consideringtheforcedresponseof anunderdampedsystemshown by Equation1

Mẍ
�
t ��� Kx

�
t ��� f

�
t � (1)

whereM andK aren � n positivedefinitematricesof massandstiffness,x
�
t � is thevectorof displacement,

and f
�
t � is thevectorof appliedforce.Equation1 canbesolvedusinjgeigenvalueexpansion.This is done

by first solvingtheeigenvalueproblemfor thecorrespondinghomogenoussystem

Aψ � λψ (2)

whereA � M � 1K, λ is thediagonalmatirxof eigenvalues,andψ is thematrixof eigenvectors.Thespatial
coordiantex canbechangedto anew coordinateη using

η � ψ � 1x (3)

whereψ is aninvertiblematrix. PremultiplyingEquation3 by ψ resultsin

x � ψη (4)

Substitutingfor x in Equation1 from Equation4

Mψη̈ � Kψη � f
�
t � (5)

PremultiplyingEquation5 by ψ � 1

ψ � 1Mψη̈ � ψ � 1Kψη � ψ � 1 f
�
t � (6)

Usingsimilarity transformation(describedin thefollowing section)

ψ � 1 � ψT

Moreover, ψT Mψ andψT Kψ arediagonalmatrices.
Massnormalizingtheeigenvectors,i.e.,

ψT Mψ � I
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will resultin
ψT Kψ � diag 	 ω2

n 

Thustheuseof massnormalizedeigenvectorsasthecolumnsof the transformationmatrix φ, results

in a setof n decoupled2ndorderdifferentialequationsof

η̈i � ω2
i ηi � fi 	 t 
 (7)

where fi denotesthei-th elementof thevectorψT f .
Equation4 indicatesthat thephysicaldisplacementof thestructure,x, is thesummationof its modal

contributions,i.e., modaldisplacementsηi’s scaledby their correspondingeigenvector(modeshape).In
otherwords

x 	 t 
 � n

∑
i � 1

ψiηi (8)

1 Similarity Transformation

Two matricesA andB aresimilar if they have thesameeigenvalues.Their transformationis via anonsin-
gularmatrix P, accordingto

A � P 
 1BP

Whenthecolumnsof thesimilarity transformationP consistof then eigenvectorsof B, thesimilarmatrix
of B becomesdiagonal,denotedby Λ, i.e.,

Λ � P 
 1BP

or
B � PΛP 
 1

Thiscanberewrittenas
BP � PΛ (9)

The matrix equation9 is known aseigenvalueproblem. If λii denotesthe i-th diagonalelementof the
diagonalmatrix Λ, Equation9 canberewrittenasn seperateequations

APi � λiiPi i � 1� 2 � � � � � n (10)

Equation10statesthatPi is the i-th eigenvectorof thematrix P andλii is theassociatedeigenvalue.

2 Poles and Zeros

Considertheequationof motionin modaldomain,i.e.,

η̈ 	 t 
 � ω2
nη 	 t 
 � ψT f 	 t 
 (11)

x � ψη (12)

TakingtheLaplacetransformof Equations11and12resultsin
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�
s2 � ω2

n � η � s ��� ψT f � s � (13)

x � s ��� ψη � s ��� ψ
�
s2 � ω2

n � � 1ψT f � s � (14)

leadingto thetransferfunctionmatrixmappingtheinput f to theoutputx

ψ
�
s2 � ω2

n � � 1ψT f � s �
andthefrequency responsefunction(FRF)of

α � ω ��� ψ
� �

ω2 � ω2
n � � 1ψT� ψ

�
ω2

n
�

ω2 � � 1ψT (15)

Notethat theterm
�
ω2

n
�

ω2� � 1 in Equation15 is a diagonalmatrix. TheFRFof Equation15 canalsobe
written in summationnotationby consideringtheik-th elementof α � w � andpartitioningthematrixψ into
columnsdenotedby ψr. Thevectorsψr arethemassnormalizedmodalvectors,i.e., eigenvectorsof the
matrix K normalizedwith respectto themassmatrix M. Thisyields

α � ω ��� n

∑
r � 1

�
ω2

r
�

ω2� � 1ψrψT
r (16)

The ik-th elementof theα � ω � matrixbecomes

αik � ω ��� n

∑
r � 1

�
ω2

r
�

ω2 � � 1 � ψrψT
r � ik (17)

wherethe matrix elements
�
ψrψT

r � ik is identifiedasthemodalconstantor residue for the r-th modeand
thematrix

�
ψrψT

r � is calledtheresiduematrix.

Partial Fraction Expansion

The2nd.ordersystemof Equation18 canbeexpressedasthesumof partialfractionsshown in Equation
19.

H � s ��� 1
M� s � λ1 � � s � λ �1 � (18)� c1� s � λ1 � � c2� s � λ �1 � (19)

whereλ1 � σ1
� jω1 andλ �1 � σ1

�
jω1 arethe complex conjugatepolesandc1 andc2 definedbelow

arethecomplex conjugateresiduesof therationoalpolynomialtransferfunctiondescribingthe2ndorder
system.

c1 � 1
M

j2ω1
(20)

c2 � � 1
M

j2ω1
� c �1 (21)
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Themathematicalrepresentationof a transferfunctionin termsof apartialfractionexpansionin noth-
ing more thana sumof singledegreeof freedomsystems.Thereforethe massof a singledof system,
which is by definitionthemodal mass, canberelatedto theresiduefor asingledof system.

Notethatthein thejargonsof multi-dof system,thetransferfunctionof asingledof system,i.e.,Equa-
tion 18, is adriving point (collocated)transferfunction.Consideringthatamulti-dof transferfunction,or
frequency responsefunction,is representedasH � s � 11 or H � w � 11, theresiduec1 which is thedriving point
residuewill berepresentedascqq1

Themodalmassfor asingledof systemis

M  1
j2ω1c1 1
j2ω1cqq1 "! j

2ω1cqq1
(22)

Recallingthat the residuematrix for a particularpole λr is relatedto themodalvectors.For an r–th
modeof anN dof system #

c$ r  Qr % u & r % u & Tr Qr

'((() u1u1 u1u2 * * * u1um

u2u1 u2u2
...

.. .
umu1 umum

+ ,,,-
r

(23)

whereQr is anarbitraryscalingconstant.Now ther-th modalmassof amulti-dof is definedas

Mr  1
j2Qrωr

(24)

Example 2.1: A 2-dof system
UsingthedifferentialEquation25,.

m1 0
0 m2 /10 ẍ1

ẍ2 243 . c1 3 c2 ! c2! c2 c2 /10 ẋ1

ẋ2 253 .
k1 3 k2 ! k2! k2 k2 /10 x1

x2 2 0 F
0 2 (25)

the modelof the 2dof undampedsystemshown in Figure1 in the absenceof dampingis given in
Equation26

Mẍ � t � 3 Kx � t �� u � t � (26)

wherex  # x1 x2$ 6 andu  # f1 f2$ 6 arethe vectorsof displacements(outputs)of the two massesand
forces(inputs)exciting the two masses;seeFigure???.The transferfunctionmatrix mappingthe input
vectorto outputvectoris evaluatedby takingtheLaplacetransfromof Equation26,resultingin#

Ms2 3 K $ x � s �� u � s � (27)
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Figure1: A 2–DOFdiscretesystem

UsingthedifferentialEquation25

x 9 s :�;=<Ms2 > K ? @ 1u 9 s :;BADC m1s2 0
0 m2s2 E > C k1

> k2 F k2F k2 k2
EHG @ 1 A f1

f2 G (28); C m1s2 > k1
> k2 F k2F k2 M2s2 > K2

E @ 1 A f1
f2 G (29)

; C m2s2 > k2 k2

k2 m1s2 > k1
> k2
E

detI J K L
G M s N A f1

f2 G (30)

where
det ; m1m2s4 > 9 m1k2

> m2k1
> m2k2 : s2 > k1k2

is the determinantof the matrix <Ms2 > K ? . Letting m1 ; 8, m2 ; 15, k1 ; 5, andk2 ; 10, the transfer
functionG 9 s : in Equation30becomes

G 9 s :�;OC G11 9 s : G12 9 s :
G21 9 s : G22 9 s : EC 15s2 > 10 10

10 8s2 > 15 E
120s4 > 305s2 > 50

(31)

Looking at thefirst elementof thetransferfunctionmatrix31,

G11 9 s :�; 15s2 > 10
120s4 > 305s2 > 50F j0P 0315
s F j1P 538

> j0P 0315
s > j1 P 538

> F j0P 0334
s F j0P 4197

> j0P 0334
s > j0P 4197

(32)

Note that thepairsc111 ; F j0 P 0315,c Q111 ; j0P 0315andc112 ; F j0P 0334,c Q112 ; j0P 0334arecomplex
conjugateresiduescorrespondingto thetwo complex conjugatepairsof poles.
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In asimilar fashiontherestof theresiduesfor theremainingtransferfunctionscanbedetermined.The
systemtransferfunctionG R s S cannow beexpressedin termsof partialfractions,shown in Equation33.

G R s S�TVU1W 0 X 0315i 0X 0124i
0 X 0124i W 0X 0049i Y

s W 1 X 5380i Z U 0X 0315i W 0X 0124iW 0 X 0124i 0 X 0049i Y
s Z 1 X 5380i ZU W 0 X 0334i W 0X 0453iW 0 X 0453i W 0X 0616i Y

s W 0 X 4197i Z U Z 0 X 0334i Z 0X 0453iZ 0 X 0453i Z 0X 0616i Y
s Z 0 X 4197i

(33)

Notethatresiduescorrespondingto apairof complex conjugatepoles,appearasacomplex conjugatepair
themselves. Recallthat themodalvectorassociatedwith eachpole is proportionalto theresiduematrix
for thatpole. This makesthemodalvectorscorrespondingto a pair of complex conjugatepolescomplex
conjugateof eachother, aswell.

Relatingthemodalvectorto theresiduematrixof thefirst pole

Q1 [ u \ 1 [ u \ ]1 T Q1 U u1u1 u1u2

u2u1 u2u2 Y 1T U1W 0 X 0315i 0 X 0124i
0X 0124i W 0 X 0049i YT 100 U^W 3 X 15i 1X 24i

1 X 24i W 0X 49i Y (34)

3 Modal Vector Scaling

Oneof thewidely usedscalingtechniquesof modalvectorsis “unity modalmass”in which thescaling
factorQr is decideduponbasedon having unity modalmassMr, i.e.,

Qr T 1
j2MrωrT 1
j2ωrT W j

2ωr
(35)

Usingtheunity modalmassscalingfactorin conjunctionwith thediagonalelements(corrensponding
to driving forcemeasurements)of Equation23, thescaledmodalcoefficientscanbecomputedas

uqruqr T cqqr

Qr
(36)

Having thedriving point scaledmodalcoefficients(correspondingto thediagonalelementsof coefficient
matrix in Equation23), theothercoefficients(off–diagonalelementsof thematrix canbecalculated.In
general,thescaledmodalvectoris [ u \ r T 1

Qruqr
[ c \ r (37)
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