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Modal Analysisis acomputationallyeleganttechniqugor modelingstructuraldynamics.lt is basecn
theuseof eigervalueandEigervectorinformationof a system.The eleganceandappealbf this technique
is mainly dueto its decouplingcapability Moreover, it is the basisfor understandingnodaltestmethods
(known alsoasexperimentaimodalanalysis).

Consideringheforcedresponsef anunderdampedystemshavn by Equationl

M(t) + Kx(t) = f(t) (1)

whereM andK aren x n positive definitematricesof massandstiffness x(t) is thevectorof displacement,
andf (t) isthevectorof appliedforce. Equationl canbesolvedusinjgeigervalueexpansion.Thisis done
by first solvingthe eigervalueproblemfor the correspondingjomogenousystem

AP = Ay 2)

whereA= M~1K, A is thediagonalmatirx of eigervaluesandy is thematrix of eigervectors.Thespatial
coordiantex canbe changedo anew coordinaten using

n=uy'x (3)

wherey is aninvertible matrix. PremultiplyingEquation3 by ) resultsin

X=yn 4)
Substitutingfor x in Equationl from Equation4
Myi + Kgn = f(t) (5)
PremultiplyingEquation5 by g1
YIMYH + g Kyn = g (Y) (6)
Usingsimilarity transformatior{describedn thefollowing section)
pt=yt

Moreover, T My andy " Ky arediagonalmatrices.
Massnormalizingthe eigervectors,i.e.,

THYITEY



will resultin
WKy = diag(ex)
Thusthe useof massnormalizedeigervectorsasthe columnsof the transformatiomrmatrix @, results
in asetof n decouple@ndorderdifferentialequationsof

Ai + wfni = fi(t) (7)

wheref; denoteghei-th elemenof thevectorljJT f.

Equation4 indicatesthatthe physicaldisplacemenbf the structure x, is the summationof its modal
contributions,i.e., modaldisplacements;’s scaledby their correspondingeigervector(modeshape).In
otherwords

X(t) = _iwiﬂi 8)

1 Similarity Transformation

Two matricesA andB aresimilarif they have the sameeigervalues.Their transformations via a nonsin-
gularmatrix P, accordingio
A=P1BP

Whenthe columnsof the similarity transformatiorP consistof the n eigervectorsof B, the similar matrix
of B becomesliagonal denotedby A, i.e.,

A=P1BP
or
B=PAP!
This canberewritten as
BP = PA 9)

The matrix equation9 is known aseigervalue problem. If A;; denoteghe i-th diagonalelementof the
diagonalmatrix A, Equation9 canberewritten asn seperat@quations

AP =AiP i=12...,n (10)

Equationl0stateghatPR, is thei-th eigervectorof the matrix P andA;; is theassociate@igervalue.

2 Polesand Zeros

Considerthe equationof motionin modaldomain,i.e.,

A +oin®) = WD) (11)
X = yn (12)

Takingthe Laplacetransformof Equationsl1 and12 resultsin



[+wfin(s) = Wf(s) (13)
X(s) = Wn(s)= [+ wl YT f(s) (14)

leadingto thetransferfunctionmatrix mappingtheinput f to the outputx

W[+ af] T (9)
andthefrequeng responsdunction (FRF) of
a(w) = Y-+ YT
Wloof — o] YT (15)

Notethattheterm[w? — w?]~! in Equation15is a diagonalmatrix. The FRF of Equationl5 canalsobe
writtenin summatiomotationby consideringheik-th elemeniof a(w) andpartitioningthe matrix y into
columnsdenotedby ;. Thevectorsy, arethe massnormalizedmodalvectors,i.e., eigervectorsof the
matrix K normalizedwith respecto the massmatrix M. Thisyields

a(w) = iw—uﬂ—lwrwr (16)

r=

Theik-th elementf the o (w) matrixbecomes
n
aik(w) = Y [of — ] {Wrdf Jik (17)
r=1

wherethe matrix elementg, ] i is identified asthe modal constantor residue for the r-th modeand
the matrix [ ] is calledthe residuematrix.

Partial Fraction Expansion

The2nd. ordersystemof Equationl18 canbe expressedsthe sumof partialfractionsshovn in Equation
19.

1
O = eoaneon (18)

_ C1 C2
(-2 T (5= A (19)

whereA; = 01+ joy andA] = 01 — jw; arethe complex conjugatepolesandc; andc, definedbelow
arethe complex conjugateresiduef therationoalpolynomialtransferfunctiondescribingthe 2nd order
system.

1

€L = le\ﬂ—wl (20)
1

C = _jZ'\A—(,ol:Ci (21)



Themathematicatepresentationf atransferfunctionin termsof a partialfractionexpansionn noth-
ing morethana sum of single degreeof freedomsystems. Thereforethe massof a single dof system,
whichis by definitionthe modal mass, canberelatedto theresiduefor a singledof system.

Notethatthein thejargonsof multi-dof systemthetransferfunctionof asingledof systemj.e., Equa-
tion 18, is adriving point(collocatedXransferfunction. Consideringhata multi-dof transferfunction, or
frequeny responséunction,is representedsH (s)11 or H(w)11, theresiduec; whichis thedriving point
residuewill berepresentedscqq

Themodalmassfor a singledof systemis

1
j 2001 C1
_ 1
J201Cq1
j

= - 22
P (22)

M =

Recallingthatthe residuematrix for a particularpole A; is relatedto the modalvectors. For anr—th
modeof anN dof system

[cr = Q{upr{u}f

uius UgU2 ... UiUm
UoU; UoU2
= G : (23)
UmU1 UmUm |
whereQ; is anarbitraryscalingconstantNow ther-th modalmassof a multi-dof is definedas
1
M, = - 24
r 12Qr G (24)

Example 2.1: A 2-dof system
UsingthedifferentialEquation25,

R Ea s R S R R
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the model of the 2dof undampedsystemshown in Figure 1 in the absenceof dampingis givenin
Equation26
MX(t) + Kx(t) = u(t) (26)

wherex=[x; x2]' andu=[f; f,] arethevectorsof displacementgoutputs)of the two massesnd
forces(inputs)exciting the two massesseeFigure ???. The transferfunction matrix mappingthe input
vectorto outputvectoris evaluatedby takingthe Laplacetransfromof Equation26, resultingin

[MS? +K]x(s) = u(s) (27)
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Figurel: A 2—-DOFdiscretesystem

UsingthedifferentialEquation25

x(s) = [MS+K] tu(s)
m132 0 ki+k —ko -1 f1
S me o[ ) {0 @)
_ myS2+ kg + ko —ko -1 f1
o [ —ko |V|232+K2] { fo } (29)
[ mps? + ko 2 ko ]
_ ko My S~ + k1 + ko f1
N det J{ f2 } (30)
G(s)

where
det= mymps* 4 (myko + mpky + mpko)s 4 kyko

is the determinanbf the matrix [M32 +K]. Lettingm = 8, mp = 15, k; = 5, andk, = 10, the transfer
functionG(s) in Equation30 becomes

G G
a9 = [ S 9]

[1552+1o 10 ]

10 85+ 15 31)
120s*+ 30582+ 50
Looking atthefirst elementof thetransferfunction matrix 31,
15¢°+ 10
G]_l(S) 5
120s* + 30582+ 50
—j0.0315 j0.0315 —j0.0334 j0.0334 (32)

s— (1538 s+j1.538 s—j0.4197 s+ j0.4197

Note thatthe pairscy1; = —j0.0315,¢7,; = j0.0315andci12 = —j0.0334,c¢7,, = j0.0334arecomple
conjugateesiduesorrespondingo thetwo complex conjugatepairsof poles.



In asimilar fashiontherestof theresiduegor theremainingtransferfunctionscanbedeterminedThe
systemtransferfunction G(s) cannow be expressedn termsof partial fractions,shavn in Equation33.

00315 00124 ] [ 00315 —0.0124 ]
- | 00124 -00049 | | —0.0124 0.0049
(8= s—1.5380 + s+ 1.5380 +
[ 00334 —0.0453 ] [ +0.0334 +0.0453 ]
| —0.0453 —0.0616 | | +0.0453 +0.0616 | s
S—0.4197 + s+ 0.4197 (33)

Notethatresiduesorrespondingo a pair of complex conjugatepoles,appeaisa complex conjugatepair
themseles. Recallthatthe modalvectorassociatedvith eachpoleis proportionalto the residuematrix
for thatpole. This makesthe modalvectorscorrespondingo a pair of complex conjugatepolescomplex
conjugateof eachother aswell.

Relatingthe modalvectorto theresiduematrix of thefirst pole

Qu{ups{u}y = Ql[ulul uluz]
1

UoU; UoU2
—0.0315 0.0124
0.0124 —0.0049

(34)

_ 100[—3.15. 1.24i ]

1.241 —0.49

3 Modal Vector Scaling

Oneof the widely usedscalingtechniquef modalvectorsis “unity modalmass”in which the scaling
factorQy is decideduponbasedn having unity modalmassM,, i.e.,

1

J2Mr oy
1
20
J
= —— 35
o (35)
Usingthe unity modalmassscalingfactorin conjunctionwith the diagonalelementgcorrensponding
to driving force measurements)f Equation23, the scaledmodalcoeficientscanbe computedas

Qr:

Having thedriving point scaledmodalcoeficients(correspondingo the diagonalelementof coeficient
matrix in Equation23), the othercoeficients (off-diagonalelementsf the matrix canbe calculated.In
generalthe scaledmodalvectoris

1

Qr Ugr
q

{u}r = {chr (37)



