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When the disturbanceis periodic and continuouslyexcites the structurethe vibration continuesat
steadystate,mainlyat thedisturbingfrequencies.This forcedvibrationattenuationproblem,known asvi-
brationabsorption(or sometimescalledvibrationcancellation)canbeaddressedby introducingcontrolled
excitation(forces/moments)to thestructures,with appropriateamplitudesandphaseangles,at disturbing
frequencies.Feedforward, in general,andadaptive feedforward, in particular, controlarewidely usedas
vibrationcancellationtechniques.Thesemethodsareextensively usedin activenoiseabatement,aswell.

1 Feedforward Control

A simplesingle frequency feedforward controller, appliedto a noisecancellationproblem,is depicted
in Figure1. FP is the forward pathbetweenthe disturbanceinput andthe audiblenoiseat the output.
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Figure1: Singlefrequency feedforwardcontroller

For a singlesinusoidalinput the outputwill alsobe a sinusoidat that frequency, but with an amplitude
which is theinput amplitudemultiplied by somegainG anda phaseshift φ. Thephaseshift andgainon
thecontrolleraremanuallyadjusteduntil thetotal gainfrom errorpathandcontrollermatchesG andthe
total phaseshift from errorpathandcontrolleris 180o out of phasewith φ. This is thebasicprincipleof
feedforwardcontrol.

The feedforward control systemshouldcausecompletecancellationof the disturbanceeffectsat the
sensor, if thegainof thecontrolleranderrorpathcombined,matchesthe forwardpathgainexactly, and
if combinationof thecontrolleranderrorpathis exactly 180o out of phasewith theforwardpath. When
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theseparametersarenotexact,thecancellationwill besomewhatlessthanperfectandin severemismatch
cases,the feedforward controllerwill actuallyworsenthesystemdisturbanceresponse.Consideringthe
importanceof gainandphasematchingin feedforwardcontrol, it is desirableto implementsometypeof
adaptive algorithmto minimizetheseerrors.A leastmeansquare(LMS) algorithmbasedon minimizing
themeansquareof thedisturbanceresponse,commonlyusedin noiseandvibrationcontrol,will beused
in this work.

2 The LMS AdaptiveFeedforward Control

The essenceof the LMS algorithmwaspresentedby Widrow andHoff in 1960. The basicconceptand
developmentof the LMS algorithm is as follows. Given the systemin Figure 2, the singlesinusoidal
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Figure2: Basicadaptivealgorithmblockdiagram

disturbancewill passthroughthe plant P1 with somegain G andphaseshift φ. It is desiredto usethe
disturbanceresponsesignal,referredto astheerrorsignal,e

�
n� to adaptthecontrollerP2 in sucha way

soasto minimizetheerrorsignalin a meansquaresense.In orderto do this thecontroller, which will be
a simplefinite impulsefilter (FIR) filter, will have to have at leasttwo coefficientsto provide thedesired
gainandphaseshift.

Typical meansquareerrorsurfacevs. thetwo coefficientsof theadaptivefilter, shown in Figure3, is
a paraboloid.It canbeseenthat thereexistsonly onecombinationof thetwo coefficientsthatyields the
minimumor leastmeansquarederror. Furthermore,for suchasurface,asimplegradientdecentalgorithm
maybeusedto adaptthecoefficientsin orderto obtainthis minimum. Themethodof steepestdecentis
oneof thepossiblegradientdecentalgorithms,usedfor adaptation.

The methodof steepestdecentstatesthat an iterative approachcanbe taken to obtainthe minimum
point of meansquarederror, in whicheachcoefficient (optimizationvariable)is updatedby thefollowing
scheme

wk� 1 � wk � µ� k (1)

Here,wk� 1 is thenew coefficient value,wk is thepreviouscoefficient value, � k is thegradient,andµ is
theadaptationcoefficient. Theadaptationcoefficient determinesthestepsizeusedfor eachiteration,and
mustbesetsmallenoughto maintainstability of theadaptationalgorithm.Thegradientcanbeexpanded
in thefollowing form

� k � ∂E � e2 � n� �
∂wk

��� 2E� ekxk � (2)
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Figure3: Typicalerrorsurface

Here,E 	 
 � denotestheexpectationoperator, ek is thecurrenterrorsignal,andxk is thecurrentinputsignal.
This expressioncanbereducedif theassumptionis madethat theexpectedvaluecanbereplacedby the
instantaneousvaluesof the input anderror. They showed that using the instantaneousvalueswill, on
average,adjustthecoefficientsin suchawayasto reducethemeansquarederror. Thissimplificationwill
greatlyreducethecomputationalneedof theadaptationandmake its real–timeapplicationpossible.

Theequationfor updatingthecoefficientsw thusbecomesasfollows

wk� 1 
 wk � 2µekxk (3)

For convenience,thetwo, 2, is oftenabsorbedinto theadaptationcoefficientµ. Theblockdiagramfor this
adaptivealgorithmis illustratedin Figure4.
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Figure4: BasicLMS algorithmblockdiagram

Theresultsof applyingtheLMS algorithmto anN–stagetappeddelayline (TDL) filter (anN-th order
FIR filter) anda sinusoidalinput sampledat therate1� T wereinvestigatedby researchers.Hestartswith
a very basicLMS algorithmasillustratedin Figure5. The sinusoidalreferencesignal, resemblingthe
disturbance,canberepresentedasxk 
 H cos� ωrkT � θ � whereH is theamplitudeof thereferenceinput,
ωr is thefrequency of thedisturbanceinput,andθ is somearbitraryphaseshift. Glovershows thatunder
certainconditionsthesysteminsidethedashedbox canbeapproximatedby a linear time invariantfilter
G � z� betweenek andyk. Thedetailedderivationcanbefoundin literature.Theendresultof thederivation
is Equation4 thatrepresentstheinput/outputrelationshipof thefilter in thez–domain.

Y � z� 
 Nα
4

E � z� 	U � ze� jωrT � � U � zejωrT � �� � � �
time� invariant

� α
4

β � ωrT � N � 	 TV � (4)
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Figure5: Glover’sbasicLMS algorithm

where

β � ωrT � N ��� sinNωrT
sinωrT

�
U � z��� 1� z � 1, α is a constant,andTV representstheundesirabletime-varyingterms.Frominspection
of theseequations,it is clearthatreasonablemeasureof therelativestrengthsof thetimevariantandtime
invariantcomponentsof theoutputY � z� wouldbetheratioβ � ωrT � N � � N. Whenthis ratio is muchsmaller
thanunity, we would expectthecontribution of time variantcomponentsto beinsignificantcomparedto
thetimeinvariantcomponents.In fact,wewouldpreferthatβ � N � 0 in whichcaseonly thetimeinvariant
componentsremain.Theratioβ � N canbemadesmallby either, makingN large,or by selectingT in such
awayasto makeβ exactlyzero.Thesecondmethodis knownassynchronoussampling. In orderfor β to be
exactlyzero,thenumeratorof β mustbezero,while thedenominatoris non-zero.Giventheseconditions

sin� NωrT ��� 0 (5)

Realizingthattheterminsidethesinemustbeanintegermultipleof π yields

T � π
Nωr

(6)

whichmeansthatthesamplingfrequency f wouldbe

f � Nωr

π
(7)

� 2N fr (8)

Thusthesamplingfrequency mustbeexactly 2N timesthereferencefrequency. It is for this reasonthat
themethodis known assynchronoussampling.SinceN mustbeat leasttwo, thesamplingratemustbeat
leastfour timesthereferencefrequency. Glovergoeson to show thatthefrequency responseof theentire
systemis thatof a notchfilter centeredat thereferencefrequency fr andwith a bandwidthof � Nα � ��� 2T �
radianspersecond.This finite bandwidthis a resultof thetime varyingcoefficientsof theadaptivefilter,
sincea constantcoefficient filter couldonly producean outputat the referencefrequency andcouldnot
affectneighboringfrequencies.Thissystemis equivalentto usinganadaptivebandpassfilter asafeedback
controllerbetweenE � z� andY � z� .
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2.1 Filter ed–X LMS Feedforward Control

ThebasicLMS algorithmcouldbe implemented,exactly asdescribedabove, if therewereno errorpath
dynamicsin the system. In practice,therearedynamicsinvolved in the error path from the controller
to theoutputsensor. This problemwasaddressedestimatingof theerrorpathbeusedto filter the input
signaljustbeforeenteringtheLMS algorithm.It wasfoundthatthiseffectively compensatesfor theeffect
of theerrorpathon thecontrolsignal. This methodof compensationcombinedwith theLMS algorithm
later becameknown asthe filtered–X algorithm. The stability of the filtered–X algorithmwasexplored
by Morgan. He showed that if the adaptationcoefficient µ weremadesmall enough,the coefficientsof
the adaptive filter would converge to the optimal values,even with errorsin the phaseof the error path
estimateof up to 90o. A blockdiagramof thefiltered–Xalgorithmis illustratedin Figure6.
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Figure6: Block Diagramof Filtered–XSystem.

Although the block diagramsof 4 and6 give the impressionthat the measureof disturbance,in its
entirety, shouldbe available to the controller and adaptationroutine, it shouldbe notedthat only the
periodicityattributeof thedisturbanceis measuredandmadeavailableto theadaptivecontrolscheme.

Example2.1: Adaptive feedforward control in milling
The effectivenessof the LMS adaptive feedforward controller is illustratedby cancellingthe harmful
effectsof cutter runoutdisturbancerejectionin a milling process.The cutting force componentin the
feed directionwasmeasuredwith a platform dynamometer. A piezoelectricstackactuatoris usedfor
introducingthecontrol to themachineby manipulatingthetable,holding thepart. A angularvelocity is
used,asthereferencesignal,for feedforwardcontroladaptation.

Referringto Figure6, theerrorpathblockdescribesthetransferfunctionmappingthecontrol,i.e., the
tableposition,to thecuttingforce. Theforwardpathblock describesthemappingbetweencutterrunout
andthecuttingforce. TheX block is thefiltered–XLMS algorithmadaptingthecontrolfilter. Error path
block is asimplifiedmodelof theerrorpathwhichasstatedearliercanhaveup to 90o of phaseerrorwith
theactualerrorpathdynamicsandstill make theadaptationroutineconverge.

Systemidentificationor asimplifiedanalyticalmodelingapproachcanbeusedto constructthismodel.
A secondorderdiscrete–timemodelpresentedby a differenceequationshown in Equation9,

f  k!#" 0$ 0016u  k % 1!&% 0$ 0013u  k % 2!�' 0$ 6722f  k % 1!�' 0$ 3264f  k % 2! (9)

hasbeenidentifiedto maptheactuatorforce(u) to thecuttingforce( f ). Identificationhasbeenperformed
cuttinganultrahighmolecularweightpolyethelenewith a four flute,30o helix angle,7( 16” diameterend-
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milling cutter. Thecutting parametersusedin this experimentalmodelingwere: Radialandaxial depth
of cut of 0.05and0.6 in, respectively, feedrateof 3 in/min, spindlespeedof 210RPM,andsamplingrate
of 360/revolution. Notethat this is theerrorpathmodel,but sincethepurposeof this numericalexample
is theillustrationof themechanicsof adaptive feedforwardcontrolstrategy, appliedto cuttingprocesses,
this secondorderlinearmodelis usedfor forwardpath.Thesimulationof theerror, i.e., thedeviation of
thecuttingforcefrom thedesiredvalueis shown in Figures7, 8, and9.

Figure7 illustratestheeffectsof consideringmorethanoneharmonicof thedisturbanceinput, using
an 8 tap filter andadaptationcoefficient of µ ) 0 * 05. Figure8 shows the effectsof having feedforward
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Figure7: Theeffectof consideringhigherorderharmonicsof cutterrunoutdisturbance

controlfilter with 2, 4, 6, and8 taps,respectively, on theperformance.All of thesesimulationsaredone
with theadaptationcoefficient of µ ) 0 * 05 andwith two harmonicsof thedisturbancepresent.As indi-
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Figure8: Theeffectof varyingthenumberof tapsin thecontroller

catedin Figure8, theeffectivenessof thecontrollerandtherateof convergenceof theadaptationincreases
with increasingthenumberof taps. Thecostfor usinghighernumberof tapsis morereal–timecompu-
tationsto comeup with thehighernumberof filter coefficients,i.e., theoptimizationvariables.Figure9
demonstratesthe influenceof theadaptationcoefficient on theconvergencespeedof theadaptation.The
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adaptationcoefficientsusedareµ +�, 02,0.05,0.1,and0.12. An 8 tapcontrolleralongwith two harmon-
ics of thecutterrunoutdisturbanceinput areconsideredfor all of theadaptationcoefficientsusedin this
simulation.As theadaptationcoefficient increases,thespeedof convergenceincreasesleadingto higher
performancein termsof disturbancerejection. As expected,too high of an adaptationcoefficient, e.g.
µ + 0, 12 in this simulation,resultsin instabilityof thecontrolledsystem.
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Figure9: Theeffectof varyingtheadaptationcoefficient in thecontroller
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